Abstract. Let Ω be a bounded annular C 1,1 domain in R 2 which is left invariant under the action of the dihedral group Dn of isometries of R 2 . We show that the nodal line of a second Dirichlet eigenfunction must intersect the boundary of Ω, under suitable conditions on ∂ ∂θ
Introduction
In 1967, L. Payne [11, 12] conjectured that a second eigenfunction of the Laplacian with Dirichlet boundary conditions cannot have a closed interior nodal curve for any bounded domain Ω ⊂ R 2 , i.e. if u 2 is a solution of the problem [6, p. 6] (1.1) −∆u 2 = λ 2 u 2 in Ω,
where λ 2 is the second Dirichlet eigenvalue of Ω, and the nodal line of u 2 is N = {x ∈ Ω | u 2 (x) = 0}, then we must have
L. Payne [12] gave an explicit proof of this for domains with smooth boundary which are convex in x and symmetric about the y-axis. In 1987, C.-S. Lin [9] showed that it holds when Ω is symmetric under a rotation with angle 2πp/q where p, q are positive integers. It has since been established [1, 8, 10, 14, 15] that (1.2) holds true for all bounded, convex domains in R 2 as well as for some simply-connected concave domains.
However, a characterization of all planar domains for which (1.2) holds is now an open question, as counterexamples have been found [7] within the class of non simply-connected domains. (1)
Possible extensions of Theorem 1.1 to a wider class of domains will be indicated in §2. An example of a domain satisfying the above conditions is illustrated below. Hence by the Hopf lemma [13] ,
Similarly ∆u 2 ≤ 0 in D + implies ∂u2 ∂θ (q) > 0 for points q ∈ C 0 ∩ {(r, θ) | θ < 0}. Hence ∂R ∩ ∂Ω is contained in the x-axis. Therefore ∂u2 ∂θ = 0 on ∂R.
Since Ω has C 1,1 -boundary, ∂u2 ∂θ ∈ H 1 (Ω) [6, Theorem 1.2.10], and hence
∂θ in Ω in the weak sense. Therefore
) it follows as a consequence of the Green's identity that 
Then D − ⊂ K and ρ n : K → K is an isometry. Therefore as u 2 is strictly positive in Ω \ K, w is also strictly positive in Ω \ K. Since w is non-zero, it is a second Dirichlet eigenfunction of Ω. The nodal line of w is contained in K and therefore does not intersect the boundary ∂Ω. Now
Also w(q) = 0 =⇒ w(ρ i n (q)) = 0, ∀i = 0, . . . , n − 1. Hence the nodal line of w must be a loop encircling C 1 .
Therefore the argument in case (i) applies to w and this leads to a contradiction.
The situation is analogous when ∂D + = N and ∂D − = ∂Ω · ∪N .
Next we express u 2 as the sum
Since C 0 is a compact subset of Ω \ N , there exists an ǫ-neighbourhood
and hence w ≥ 0 in U 0 by symmetry. The same argument also works if v ≤ 0 in
As the nodal line of v is the x-axis only these two possibilities exist.
Thus if q ∈ C 0 is a point on the nodal curve of w then w does not change sign in B ǫ (q) ∩ Ω, which is a contradiction. Hence the nodal curve of w does not intersect C 0 . A similar argument shows that the nodal curve of w does not intersect C 1 . But this contradicts what was shown earlier, because w = w • σ and w is also a second eigenfunction of Ω.
Therefore the nodal line of u 2 must intersect the boundary ∂Ω.
Concluding Remarks:
(1) The above proof will go through for a wider class of dihedrally symmetric annular domains provided we are able to show that (2) of Theorem 1.1 and the interior sphere condition are only required to hold almost everywhere on ∂Ω but we leave these considerations as a topic for future work as of now.
(2) The choice of the x-axis in Theorem 1.1 is a matter of convenience. The proof goes through if polar coordinates are chosen in a way that the polar axis is an axis of reflection of Ω and the pole is away from Ω.
